The starting point for this investigation was an attempt to generalize the well known theorem of Silverman-and Toeplitz [25 ] ("■) on regularity of a sequence-to-sequence transformation. This theorem may be stated as follows: If a transformation of sequences [ tn} of real numbers to sequences {sm} is defined from a matrix {amn}, m, » = 1, 2, • • • ,by the equations sm =2J" amntn, the transformation is regular-that is, is defined everywhere and takes every convergent sequence {tn} into another convergent sequence with the same limit-if and only If the sequence of integers is replaced by a directed set X, it is known that A, 73, X, and Ux can be chosen for which the similar statement relating lim supx || i/x(a)|| and lim supx || Ux\\ is false; sections 1-3 of this paper consider these cases in an attempt to solve the problem of boundedness: Characterize those Banach spaces A and 73, and directed sets X such that choosing the linear operators Ux on A to B so that lim supx || Ux(a)|| < « for each a in A implies that lim supx || Ux\\ < a°. Section 1 is a review of pertinent facts about directed sets and convergence (mostly due to Moore and Smith [19 ], G. Birkhoff [5], and Tukey [27]). Section 2 studies the relations among three topologies in the space of operators on A to B. In §3 the problem of boundedness is studied but not completely solved.
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The starting point for this investigation was an attempt to generalize the well known theorem of Silverman-and Toeplitz [25 ] ("■) on regularity of a sequence-to-sequence transformation. This theorem may be stated as follows: If a transformation of sequences [ tn} of real numbers to sequences {sm} is defined from a matrix {amn}, m, » = 1, 2, • • • ,by the equations sm =2J" amntn, the transformation is regular-that is, is defined everywhere and takes every convergent sequence {tn} into another convergent sequence with the same limit-if and only if the matrix {amn} satisfies the conditions (a) limm ¿Zn amn = 1, (b) limm amn = 0 for each «, awa" (c) there is a K such that¿Zn\ amn\ SK for every m. In the special case under consideration, the fact that regularity implies condition (c) (the non-trivial part of the proof) can be derived from a theorem of Banach [3, If the sequence of integers is replaced by a directed set X, it is known that A, 73, X, and Ux can be chosen for which the similar statement relating lim supx || i/x(a)|| and lim supx || Ux\\ is false; sections 1-3 of this paper consider these cases in an attempt to solve the problem of boundedness: Characterize those Banach spaces A and 73, and directed sets X such that choosing the linear operators Ux on A to B so that lim supx || Ux(a)|| < « for each a in A implies that lim supx || Ux\\ < a°. Section 1 is a review of pertinent facts about directed sets and convergence (mostly due to Moore and Smith [19 ] , G. Birkhoff [5] , and Tukey [27] ). Section 2 studies the relations among three topologies in the space of operators on A to B. In §3 the problem of boundedness is studied but not completely solved.
The second part of the paper is concerned with certain special operators on some function spaces. In §4 the space is that of the totally measurable functions on a set F to a Banach space 73 ; a class of operators on this space is defined in terms of additive, real-valued set-functions and the relations among various topologies in this set of operators is given; this is used in §6 to give a general form to a theorem of Vulich [28] . In §5 the functions studied are the measurable functions on F to B ; the operations on this space are defined in terms of completely additive, limited, set-functions whose values are transforPresented to the Society in three parts, the first under the title Linear methods of summability on February 24, 1940 ; the second under the title Linear methods of summability. II on April 27, 1940 ; the third under the present title on September 5, 1941 ; received by the editors April 4,  1940, and, in revised form, April 25, 1941. (') Numbers in brackets refer to the bibliography at the end of the paper.
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[May mations instead of real numbers. A corollary of the results obtained there is this: The real-valued, finitely additive set-function ^f has the property that Zi^Pi) converges for every sequence {p,} of disjoint measurable sets if and only if the total variation of ty is finite. This has as a corollary the well known result that a completely additive, real-valued set-function is of bounded variation.
Section 6 contains the applications of these theorems on Banach spaces to the problems which originally started the investigation beginning with two general theorems on regularity conditions. The first includes the SilvermanToeplitz theorem and many others of the same type; the second generalizes a result of Vulich which says that a transformation defined by a matrix {amn} takes every convergent sequence of points of a Banach space B into another such sequence with the same limit, if and only if the transformation defined by {amn\ is regular for real sequences. The section closes with some sample corollaries of these results.
1. Directed sets and convergence. This section contains a short discussion of properties of directed sets which will be useful throughout this paper. A non-empty set F of elements y is called directed by a relation > (read "follows" or "succeeds") if the pairs of points yi, y2 for which the relation yi>y2 holds are subject to the conditions (a) if yi>y2 and y2>y3 then yi>y3 (transitivity) and (b) each pair of points yi, y2 in F has a common successor in Y; that is, there is a y3 such that y3>yi and y3>y2 (composition).
Probably the most used directed set is the set of integers ordered by magnitude. Other examples are (1) the neighborhoods of a point in a topological space ordered by inclusion, and (2) lattices.
A subset Y' is cofinal in F if each y in F has a successor y' in Y'. It can easily be shown that the cofinal subsets of F satisfy the following conditions: If / is a real-valued function defined on a directed set F, let lim sup"/(y) be the least upper bound of those numbers K for which [y\ f(y) >K~] is cofinal in F; let lim inf"/(y) = -lim sup" (-f(y)); if lim sup"/(y)=lim inf"/(y), then call this common value lim"/(y). The Cauchy criterion is a necessary and sufficient condition for existence of lim"/(y) and the limit defines an additive, homogeneous functional on those/'s for which it is defined. G. Birkhoff [5 ] first extended this definition of convergence to a topological space. Let .S be a neighborhood space, satisfying, say, the axioms defining a Hausdorff space [2] ; if/is a function defined on the directed set F with (2) €E, C , and so on will have the usual set-theoretical meanings; {y \ ■ ■ ■ J will mean the class of those y satisfying the condition following the vertical bar. values in the space S, s = lim"/(y) if and only if for each neighborhood N of s there is a y¿v in F such that f(y) £N if y >yN. If S is a complete metric space and if the neighborhoods of a point are the spheres about that point, then the Cauchy criterion is again necessary and sufficient for the existence of a limit; if 5 is a linear space with a uniform topology-that is, a topology in which addition of elements and multiplication of elements by real numbers are continuous operations-then this limit defines an additive, homogeneous function over the linear set of f's on F to ^ for which it exists. In particular if S is a Banach space in any of the usual topologies, this is the case.
Tukey [27] has shown the importance of certain directed sets (first used by Moore) and has defined an order relation among directed sets which will be useful in later sections. For any ordinal number v>0, let D" be a set of power N"; the stack A" is the directed set whose elements are the finite subsets ô of D'-', where ô > o' means O ô' ; D" is the base of the stack A". It is clear that if two stacks have bases of the same power, then there is an isomorphismthat is, a 1-1 order-preserving correspondence-between the two stacks. A directed set A is a cofinal part of a directed set F if there is an isomorphism between X and a cofinal subset F' of F. X and F are cofinally similar (symbol : X~ Y) if there is a directed set Z of which X and Y are both cofinal parts. X follows F (symbol: X> Y) if and only if there exist two functions, A on I to F and g on F to X, such that if y is any point of F and x>g(y), then h(x)>y. Tukey showed that X>Y and Y>X if and only if X~F, that > is a reflexive and transitive ordering among directed sets, and that cofinal similarity is a reflexive, symmetrical and transitive relation, the equivalence relation associated with >.
The reader can easily see that w, the class of integers ordered by magnitude, is a cofinal part of A0, the stack on a countable base, and that the stack A' follows every directed set of power less than or equal to {<"; also A">A" if and only if v^p, so A'^A" if and only if v = p. From this it follows that A°>A if X is any countable directed set. If A°>A either X has a last element-that is, an x0 such that x0 >x for each x in X-or A°~X. In all of what follows the trivial case will be explicitly rejected; that is, no directed sets mentioned hereafter will have a last element.
If A is a directed set, let \(X) be the smallest ordinal number p such that a subset of X of power N" has no upper bound in X; that is, \(X) is the smallest ordinal p not satisfying the following condition: If X'(~_X and the power of X' ^i^a, there is an xoin A such that Xo>x' for every x' in X'. For example, X(A") =0 for every v; \(u>) =0;X(ß") =nfor any integer »if ß"is the set of all ordinals of power less than N" ordered by magnitude.
From the definition it can readily be seen that if X> Y, thenX(A) ^X(F), soX(A) is invariant under cofinal similarity.
The next lemma is useful in §3. ists with no upper bound; by induction and the composition property a sequence }x"} can be defined so that xn+i>x" and x"' ; then {xnj has no upper bound and is monotone.
Define h on X to w and g on u to X by letting gin) =x" for each « in co; h(x) =«+1
if xn<x<x"+i. The interested reader can also prove that no X can be chosen for which \(X) =«; this fact clarifies some steps of the proof of Theorem 3.6.
2. Neighborhoods and convergence in operator spaces. This section considers relations among two Banach spaces(3) A and B and the space U=^4 :B of all linear(4) operators defined over all of A with values in 73; U is also a Banach space if || U\\ =supna|isi |[ £7(a)|| for each Uin U. In the special case in which B is B0, the set of real numbers, A :730 is the space A* of all linear functional on A. There are three natural ways in which a topology can be imposed on U; by analogy with the case in which A =73 = Hubert space(6) these will be called norm, s*, and w* topologies in U. It is sufficient (see Wehausen, [29] ) to define the neighborhoods of 6(e); the neighborhoods of the other points of U are defined by translating the neighborhoods of 6.
NoSM:Foranye>OletN = Nie)={U\ \\ü\\<e}. €>0letW=W(au ■ ■ -,ak;l, ■ ■ -,*;«)= {U\ \ßi(U(ai))\ <efori = l, ■ ■ -,k).
The families 9Í, ©, and SB of these sets N, S, and IF are, respectively, the norm, s*, and w* neighborhoods of 9 in U; in the special case B = Bo both s* and w* topologies reducé to the ordinary weak* topology in A*(7). If X is any directed set and if i/x£U, the notations Uo = n -limx Ux, Uo=s* -limx C/Xand Ua-w* -limx Z7X mean that Ux converges to Ua in the corresponding topology. In all that follows the trivial space consisting of just one point will be ruled out and all spaces considered will be at least onedimensional.
(4) Linear is used in Banach's sense, to mean additive and continuous. [25] , and Alaoglu [l] .
(6) 6 will be used for the zero element of any linear space under discussion.
(') See Taylor [25] .
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Define hx on A to F as follows : Suppose that hx is already defined on a subset X' of X so that (1) X' contains every predecessor of each of its elements, (2) for each x' in X' there is a sequence \xn' }CA' such that x"' >x' and lim" Haj^orjll = °°, and (3) hx(x')>h(x') for every x' in X'. If X' 9*X, let x be any element of A -A' and let {x"} be any sequence of points of A -A' such that xn+i>xn for each « while xi>x. Since lim sup" ||aB|| = °° , for each « there exists a point hx(xn) in F such that hx(x")>h(xn) and ||«»j(xB)|| >»• Let
Ar" = A'+ {x"| an » exists for which x">x"} ; for each x" in X" for which hx(x") is not already defined let hx(x") =h(x"); then hx is defined over A" with the properties (l)- (3). Starting with X' equal to the empty set and applying transfinite induction defines hx over all X with the properties (2) and (3). From (3) and a repetition of the argument in the preceding paragraph it follows that the ax defined by aI=aül(I) satisfy (a) or (b) if the ay do; (2) implies that ax satisfy (c).
Suppose that the linear operator U maps A onto all of B, let A0= U~l (6) For each e>0 there is an a' of norm one such that ax (a')>|]a~ || -e; if(9) E = T~l(a'), \\E\\ ^ j| P_i|| so there is an a in E of norm less than ||P_1|| + e;
hence |J«X|| >(||«*'|| ~ e)/(||r_1|| + «0 for every 6>0 or ||a«|| è||a,'||/||r-1||.
Therefore the ax satisfy (c) or (d) if the ax do.
We now consider a case in which [A, X] can be shown to be in the smallest of these classes. , where B0 is the space of real numbers, and define ax in A* in a way similar to that used in the proof of Theorem 3.3. Suppose that the ax have been defined on a subset X' of X to satisfy the conditions (1) X' contains every predecessor of each element of X', (2) for each x' in X', there is a monotone sequence {xi } C.X' such that lim" ||aX'"|| = 0°, and (3) for each x' in X', ctx> is defined by ax<(a) =£x-a(x') for each a in A, and some constant kX'. Then take any x not in X' and any monotone sequence {x"{ (ZX -X' such that Xi>x and for each « define <xXn in A* by ax"(a) =wa(x") for each a in A ; define ax> in A* for those predecessors x' of any x" for which it is not already defined by setting ax< = 6. As before, this and transfinite induction serve to define ax for every x in X so that lim supx \\cex\\ = oo. For each a in A the set Ea= [x I |a(x)| >0J is countable, hence not cofinal in X; therefore there is an xa in X such that no x in Ea follows x", so limx ax We turn now to a characterization of the nature of © considered as a directed set rather than as a neighborhood system. Theorem 3.5. A is not fd if and only if for every B there is an ordinal number v>0 such that A" is a cofinal part of the directed set © of strong neighborhoods of 0 in A: B; v is unique and depends only on A.
Proof. If A is not fd, let A ' be a vector basis in A ; that is, a set of points a' of norm one, such that no a' in A' is linearly dependent on any of the others, while every element of A is a linear combination of elements of A'. Let v be the ordinal for which the power of A ' is fc< ". If B is any Banach space, we shall show that A" with this choice of v is a cofinal part of ©, the strong neighborhood system in A'.B; clearly v does not depend on 73 but only on A.
Let / be any 1-1 correspondence between the class of neighborhoods Sia ; 1), a in A ', and D", the base of the stack A"; extend/ to all of A" by letting (10) This is defined before Corollary 3.3. This follows from Corollary 3.1 and this theorem: 7e¿ A be isomorphic to a conjugate space and let Ai be the subset of A** consisting of all those points aa defined for each a in A by aa(a) =a(a) for every a in A*; then there is a projection ofA**intoAi (12) .
Ii Y is any set of points y and 73 is any Banach space, there are certain easily defined Banach spaces of functions /on F to B(w). Let m(Y, B) be the (ll)BW is defined by induction from B«» = B, B<»+» = (B<»>)*. (12) This need only be proved if A -B* for some B; in this case reducing each 0 defined over B** to a function defined only over Bi defines a transformation of A** into A: mapping back to A i by the usual method gives the desired projection. Phillips [23] has shown that Co is not the range of a projection of m=c**; so some restriction on A is needed ; it is not known whether A is isomorphic to a conjugate space if A\ is the range of a projection in A**.
(13) Most of the results given in this paragraph for these spaces of functions on Y to B can be adapted to the more general spaces of functions/on Y for which the value/(y) always lies in some fixed space B"; if all By = B, this reduces to the case discussed in the text. For example, see [9] for one case where Y is countable. (2) 4. Totally measurable functions and real operators. In this section let F be an abstract set, let T be a field (17) of subsets of Y, and let P be a Banach space. If E is any set in T, let 4>e, the characteristic function of E, be 1 on P and 0 on its complement.
A function/ on F with values in B is called simple if there exist a finite number of sets P, in T and points 6, in B such that f=22'e>4>Eibi. Let F be the space of all functions/ on F to B for which there exists a sequence !/"} of simple functions which converges uniformly to/; if 11/11 =sup"cy ||/(y)||, Fis a Banach space. In the special case in which P=Po, the space of real numbers, call the space V,. If ß is any element of P* and /<E V, the function ßf defined by ßf (1) IfßGB*, t/£Ur and /£ V, then ß( U(f)) =r U(ßf). Since Ur is a subset of U, the topologies defined in §2 impose three topologies in Ur-If 9Î, © and SB are the norm, s* and w* neighborhood systems of 6 in U, let Sir, ©r and SBr be the intersection of these with Ur; that is, Arr£9cr
if there is an N in 9Î such that NT = NVLr, and similarly for ©r and 2Br. 
For any B, Vr is a linear image of V; hence n(V) ^ v(Fr).
If A>©r a«¿ Vr is not fd, Ux in Ur caw be chosen so that Yimx || <7x(/)|| =0 for every f while Unix || Ux\\ = <x>. If Vr is fd, then no X and Ux in Ur exist which satisfy these conditions. is a totally bounded subset of B; that is, for each €>0 there is a finite set of spheres of radius e which together cover the set of values of/. If a measurable function is defined to be a function which is the limit of a pointwise convergent sequence of simple functions, then the class of bounded, •measurable functions includes the class of totally measurable functions; the two classes are the same only if B is fd or if T has only a finite number of (so) This lemma is a restatement of the fact that the equivalence r of V* and Ur carries 3Br into the set of weak* neighborhoods of 9 in V*. Note that the proof of (2) of Theorem 6.2 shows that the w* and s* topologies are the same in the unit sphere of Ur although they are different in the unit sphere of U itself.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use distinct elements. Birkhoff [4] [22] , and Price [24] , among others, have defined and studied integrals of a Lebesgue-Iike nature for functions with values in a Banach space; Gowurin [13] and Bochner and Taylor [7] have considered a "Riemann-Stieltjes" integral; as far as I know, no attempt except in [24] has been made to define a completely additive integral similar to Gowurin's. In this section F is any set and B is a Banach space (21) ; T is further restricted to be a ff-field (22) . A function /on F to 73 will be called half-simple if it is bounded; that is, if there is a K>0 such that |[/(y)|| ÚK for all y, and if there exist a countable number of disjoint sets {Ei\ in T such that/ has the constant value bi on £¿. If $ is ca and limited and if / is a half-simple function with the values bi on the disjoint sets P. of T, let ffd$ be the sum of the seriesZ« $(Ei)bi; from the complete additivity of i> it is easily shown that this sum is independent of the decomposition {P,-} as long as/ is constant over each set P,-. The argument used to show that Z» $(Ei)bi is unconditionally convergent also shows that \\ffd<S>\\ g||/||W$(F) if/is half-simple. If/is any element of 93, let {/"} be a sequence of half-simple functions converging uniformly to /; then the points b" = ffnd$ form a Cauchy sequence in P** and must converge to some point of B**; let ffd<& = Yim" ff"d&. This value is easily shown tobe independent of the choice of the sequence {/"} converging uniformly to/. If U(f) =ffd$, then U is a linear operator on F with values in P** and || U\\ = W$( Y). In many cases it is desirable to have ffd$> in B for every/ in 93. This is equivalent to requiring that ffd$ be in B for every half-simple function /; that is, to requiring thatZ« &(Ei)bi be in B for every sequence {p¿} of disjoint sets of Tand every bounded sequence {bi} of points of P. By the theorem of Orlicz mentioned before, this is equivalent to requiring thatZ< $(Ei)bi converge in Orlicz' sense for every such choice of ¡Pi} and {bi} ; $ will be called convergent if this last condition holds. From this we have the following result. Suppose that $> is additive and convergent and that W&( Y) = » ; say that a set F0 of T has property (A) if F0 has two disjoint subsets Y¿ and F0" such that W$( F0' ) = oo and W$( F0" ) = ». Then only a finite number of disjoint sets of T can have property (A) for if an infinite number have this property, then there would exist a sequence { F,} of disjoint sets of T such that W$( Yi) = » for each i. Choice of P,y in T and bu of norm not greater than one could then be made so that the series Z»7 $(Ea)bij reordered in any way as a simple series would have unbounded partial sums, thus contradicting convergence of €>.
Therefore there exist disjoint sets Fi, -• • , Yk, k^l, whose sum is F, such that PCF, and W$( F¿-P) = » imply that W$(E) < » ; let F0 represent any one of these F¿. Define the sequence {p;} CT of subsets of F0 as follows: If among the sets PCF0 such that W&(Y0 -E)= oo there are any such that W$(E)9*0, let « be the smallest integer such that such an Pi exists with W$(Ex) >l/n; if Ei, i<k, are defined and disjoint, let «* be the smallest integer such that a subset P* of F0-Z«<* ^» nas W&(Ek)>l/nk and TF4>(Fo-Pfc)=oo.
If an «o exists such that W$(EÎ) > l/w0 for an infinite sequence of these P,-, then a series Z»j $(Eij)bij could be found with partial sums not tending to zero which again contradicts convergence, so W&(Ei) 
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[May ||ö/fc'||^l, but this is impossible since 4>(7ii ) is a linear operator on 73, so W$(Eo) < oo. This leaves the alternative hypothesis that W$(¿Zi Ei) = oo. A more careful repetition of the preceding argument, letting {Ek¡\ be a partition of zZi>k Ei, leads to a contradiction here. This shows that W$(Y0) must be finite, but F0 was any one set in a finite partition of F so W$( F) < oo also. Next assume that "t> is ca. Clearly the sets 7£i mentioned can be taken to be disjoint; suppose then that W$ (¿Ze1)>k = *™w<í>(¿2 eX shows that W$(¿Zi Ei) ^lim" W$(¿Zi¿n El). Since W$(E) increases with E, the conclusion holds. The other conclusion is a simple consequence of these two; the assumptions that W$(Ek) i 2e >0 and that «Iris ca show that there exists a sequence {ki} such that W$(Eki -Eki+l) > t for every i; this contradicts convergence. If 73 =730, the space of real numbers, each <£-(£) is a real number and $ is convergent if and only if ^2, $(El)ti converges for every bounded sequence {ti} of real numbers and every sequence {£,-} of disjoint sets of T; that is, if and only if ^,-| <!>(£,) | < °° for each such sequence {7¿i}. zZ HEi)b = lim ¿2 Ui<pEbl) = lim uízZcbEib) = lim u(<p z £.i)
In case # is equal to ^7, where ^ is real-valued, this integral is consistent with, say, Dunford's integral for bounded, measurable functions. A desirable property for an integral is this: If/ is in 33 and 7 is in 73:73, then Tffd$=fTfd<S>, where 7/is the function in S3 such that Tfiy) = T(fiy)).
With this integral this does not hold for all 7 and/ for two reasons, ffd& may not lie in 73, and 7 may not commute with all <!>(£). The first difficulty can be avoided; if T is an operator on 73 to 73, define 7**, the adjoint (25) 6. General summability theorems.
Silverman and Toeplitz and others have given conditions on a matrix {amn} of real numbers which are necessary and sufficient that it transform every convergent sequence {tm} into another convergent sequence {sm}, where sm=^" amntn, which converges to the same limit. The theorem has a great many generalizations; one of these arises naturally from using functions on a directed set instead of sequences, another from letting the values of these functions be points of a Banach space instead of real numbers. The form of the theorem to be stated is suggested by the fact that c, the space of convergent sequences of real numbers, is a Banach space if || {tn}\\ =sup" |/"| ; in fact it is a space of the form considered in §4 if the field is the smallest field containing all the finite sets of integers.
Let F be any directed set and B any Banach space; let A be a Banach space whose elements are functions /on F to 73 with the property that lim"/(y) exists (in the norm topology) for each A. Define the operator 7 on A to B by setting L(f) =limv/(y) for each / in A ; then 7 is additive and homogeneous but need not be continuous (27) . A set A'XZA is dense in limit in A if for each f in A and e>0 there is an /' in A' such that ||/-/'|| <€ and \\L(f)-L(f')\\<*.
Note that in the simple case A = c, above, the set A' of sequences which are ultimately constant is dense in c, and hence dense in limit in c because L is continuous in this case. The conditions (a) and (b) of Silverman-Toeplitz (w) {n) is the set whose only element is n. (27) The referee quite justly remarks that any additive homogeneous function L' on any Banach space A to B could be considered with similar results; for example, letting L'{f) be the weak limit instead of the norm limit of/would give analogous results.
M. M. DAY In the special case in which A is a space V, as considered in §4, lim"/(y) can exist for a simple function if and only if /is ultimately constant; in particular limv <pEb(y) exists if and only if either P or Y -E is not cofinal in F. The properties of cofinality mentioned after the definition show that if To is a field of subsets of F, and if T is the subclass of those sets E of To for which either P or Y -E is not cofinal in F, then T is also a field. Use subscripts to indicate the field involved. Lemma 6.1. If f can be uniformly approximated by functions simple T0, and if\imvf(y) exists, then f can be uniformly approximated by functions simple T.
If e>0 is given, there exists a function/, =Z¿S* <f>E,bi where the £,GT0 such that ||/<(y) -/(y)|| < e/3 for all y in F. Also there is a yt in F such that ||/(y)-¿>o|| < e/3 if y>yt, where ¿>0 = lim,,/(y). Let P'=Z Ei where the sum is taken over those P¿ which contain a successor of yt. Define/,' on F to B by /,' (y) =öo if yGE', /«' (y) =/«(y) if yGP'-Then F-P' is not cofinal in F so P'GT; no P, disjoint from P' can be cofinal in F so the other P are also in T.
Hence// is simple T, but ||/e' -/|| < e. From this lemma-it follows that for this section it suffices to assume that T is a field of this special sort; that is, T satisfies (C) : for each P in T either P or its complement is not cofinal in F. In this case L is continuous on F, in fact ||p|| =1. It is clear from the criterion (2) of §4 that LGVlt. Since the simple functions are dense in F, the condition (a') of (1), Theorem 6.1, for this special space can be replaced by (a") limx Ux(<t>yb)=b for each b in B; limx Ux(4>Eb) = d ior each b in 73 and each E in T such that E is not cofinal in F.
(2) of that theorem can not occur in this case; it is known that n(V) ^v(Vr). The special case in which A is a space V of this type while each Ux is in Ur presents a situation more general than one studied by Vulich [28] . He considers convergent sequences {b"} of points of a Banach space and transformations Um defined by means of a matrix of real numbers {amn} so that Um({bn}) =¿Zn amnbn and this series converges absolutely for each {bn} so that 23" | am" | < oo for each m. Vulich proves that limm Um( {bn} ) = lim" bn for every convergent sequence {o"} of points of 73, if and only if the matrix satisfies the Toeplitz conditions; that is, if and only if the matrix defines a transformation regular on real sequences.
From Lemma 4.1 we have, letting T = t U, as in §4. We use this to derive the following extension of Vulich's theorem. (1) By (2) of §4, 7£Ur;if A=t7 and 7=5*-limx Ux=x*-\imz Ux, then A=w* -limx Tx; clearly A(<¡>) =lim¡, <f>(y) for each <p in Vr. The usual modification if $ is real-valued can be made. These examples suffice to show something of the generality of the theorems of this section; Theorem 6.1 contains as special cases a number of theorems due to Toeplitz, Hamilton
[14], Hill [16] , the writer [8] and others. Its use is restricted by the requirement that the class of functions under discussion is a Banach space under some norm adapted to the problem; this is not the case, for example, of the class of all convergent double sequences (28) . Further information about the problem of boundedness would also improve the results here.
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